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1. Introduction
Throughout the paper, we only consider graphs without loops and multiedges. Let G = (V , E) be a
simple graphwith vertex setV = {v1, . . . , vn} and edge set E. Denote by d(vi) the degree of vertex vi for
vi ∈ V . If A(G) = (aij) and D(G) = diag(d(v1), . . . , d(vn)) are the (0, 1) adjacency matrix and degree
diagonal matrix, respectively, then L(G) = D(G) − A(G) is called the Laplacian matrix of a graph G.
Moreover, the characteristic polynomial of L(G) is called the LaplacianpolynomialofG and isdenotedby
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Φ(G) = det(λIn − L(G)) =
n∑
i=0
(−1)iciλn−i.
It is easy to see that c0 = 1, c1 = 2|E(G)|, cn = 0 and cn−1 = nτ(G), where τ(G) is the number of
spanning trees of G. The Laplacianmatrix has receivedmuch attention for past twenty years. The read-
ers may be referred to [1,8,9,11,16] and the references therein. There are many approaches to ordering
graphs. For example, the graphs can be ordered lexicographically according to their eigenvalues in
nonincreasing order (for example, see [2, pp. 268–269] and [3, p. 70]). Grone andMerris in [6] ordered
trees by the algebraic connectivity of a tree T , i.e., the second smallest Laplacian eigenvalue of L(T).
Zhang in [17] further investigated ordering trees by their algebraic connectivity. Guo [7] presented the
several ordering tree by the Laplacian spectral radius. The Wiener index of a graph is the sum of all
distances between unordered pairs of vertices of a connected graph. TheWiener indexwas introduced
in 1947 and investigated by many chemists and mathematicians (for example, see [4,15] for more
detail). Since it is correlated with several graph properties and some physical and chemical properties
of molecular graphs, theWiener index can be used to order trees (see [5]). It is known that theWiener
index of a tree is equal to cn−2 (for example, see [10] or [2, p. 38]). Thus trees with the same Wiener
index may be further ordered by other Laplacian coefﬁcients. In addition, Stevanovic´ and Ilic´ in [14]
investigated the properties of the Laplacian coefﬁcients of unicyclic graphs.
Recently, Mohar in [12] and his homepage [13] proposed some problems on how to order trees
with the Laplacian coefﬁcients. Let T1 and T2 be two trees of order n. Denote by r (resp. s) the smallest
(resp. largest) integer such that cr(T1) /= cr(T2) (respectively, cs(T1) /= cs(T2)). It is obvious that
r and s exist if and only if T1 and T2 are not Laplacian cospectral. Two partial orderings may be
deﬁned as follows: If cr(T1) < cr(T2), we say that T1 is “smaller than" T2 and denote T1 ≺1 T2. If
cs(T1) < cs(T2), we say that T1 is “smaller than" T2 and denote T1 ≺2 T2. Let Tn be the set of all trees
of order n. Another partial ordering in Tn can be deﬁned as follows: For any two trees T1, T2 ∈ Tn,
if (c0(T1), . . . , cn(T1))(c0(T2), . . . , cn(T2)), i.e., ci(T1) ci(T2) with i = 0, . . . , n, we say that T1 is
dominated by T2 and denote T1  T2. Mohar in [13] proposed the following questions:
Problem 1.1. Do there exist two trees T1 and T2 of order n such that T1 ≺1 T2 and T2 ≺2 T1?
Problem 1.2. Do there exist two trees T1 and T2 of order n such that T1 ≺1 T2 and T1 ≺2 T2, but there
is an index i such that ci(T1) > ci(T2)?
Problem 1.3. Let Tn be the set of all trees of order n. What can be said about the dominated ordering
in Tn. How large chains and antichains of pairwise non-Laplacian-cospectral trees are there?
We are motivated by the above problems proposed by Mohar. In Section 2, we give an afﬁrmative
answer for Problems 1.1 and 1.2 and investigate all dominated relations among all trees of order n
with diameter 3. In Section 3, we present some dominated relations among all trees of order n with
diameter 4. Moreover, these results are used to present the several smallest elements in (Tn,).
2. Majorization of trees with diameter 3
We begin this section by presenting two examples, which give an afﬁrmative answer for Problems
1.1 and 1.2.
Example 2.1. Let T1 and T2 be two trees of order 10 as follows (see Fig. 1):
Then by calculation, we have
Φ(T1)=λ10 −18λ9 + 126λ8 − 460λ7 + 980λ6 −1276λ5 + 1018λ4 − 476λ3 + 115λ2 −10λ
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Fig. 1. T1 and T2.
Fig. 2. T3 and T4.
and
Φ(T2)=λ10 −18λ9 + 127λ8 − 462λ7 + 967λ6− 1224λ5 + 945λ4 − 430λ3 + 104λ2 −10λ.
Clearly, c2(T1) = 126 < 127 = c2(T2) and c8(T1) = 115 > 104 = c8(T2). Hence there are two trees
such that T1 ≺1 T2 and T2 ≺2 T1.
Example 2.2. Let T3 and T4 be two trees of order 10 as follows (see Fig. 2):
Then
Φ(T3)=λ10 − 18λ9 + 126λ8 − 460λ7 + 972λ6 −1236λ5 + 949λ4 − 426λ3 + 102λ2 −10λ
and
Φ(T4)=λ10 −18λ9 + 127λ8 − 462λ7 + 966λ6 −1220λ5 + 939λ4 − 426λ3 + 103λ2 −10λ.
Clearly, c2(T3) = 126 < 127 = c2(T4), c8(T3) = 102 < 103 = c8(T4) and c5(T3) = 1236 > 1220 =
c5(T4). Hence T3 ≺1 T4 and T3 ≺2 T4, but there is an index i such that ci(T3) > ci(T4).
Therefore the above examples give an afﬁrmative answer for Problems 1.1 and 1.2, respectively.
Let T(p, q) be the tree of order n by joining an edge between two centers of K1,p and K1,q with
p + q + 2 = n. Any tree of order nwith diameter 3 can be regarded as T(p, q)with n = p + q + 2 and
1 p q.
Theorem 2.3. For i = 0, . . . , n, ci(T(p, q)) is an increasing function of p for 1 p
⌊
n
2
⌋
− 1, i.e.,
T(1, n − 3)  T(2, n − 4)  · · ·  T
(
n
2
 − 1, n
2
	 − 1
)
.
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Proof. Let 1 p
⌊
n
2
⌋
− 1. The characteristic polynomial of T(p, n − 2 − p) is
Φ(T(p, n − 2 − p))=det(λI − L(T(p, n − 2 − p)))
=(λ − 1)n−4[λ4 − (n + 2)λ3
+ (−p2 + np − 2p + 2n + 1)λ2 − nλ].
Then c0(T(p, n − 2 − p)) = 1, c1(T(p, n − 2 − p)) = 2(n − 1),
c2(T(p, n − 2 − p))=−p2 + np − 2p + 2n + 1 + (n + 2)
(
n − 4
1
)
+
(
n − 4
2
)
=−
(
p − n − 2
2
)2
+ 1
4
(7n2 − 22n + 16).
For 3 k n − 2, we have
ck(T(p, n − 2 − p))=
(
n − 4
k
)
+ (n + 2)
(
n − 4
k − 1
)
+ (−p2 + np − 2p + 2n + 1)
(
n − 4
k − 2
)
+ n
(
n − 4
k − 3
)
=−
(
p − n − 2
2
)2 (
n − 4
k − 2
)
+
(
n2
4
+ n + 2
)(
n − 4
k − 2
)
+
(
n − 4
k
)
+ (n + 2)
(
n − 4
k − 1
)
+ n
(
n − 4
k − 3
)
Hence ck(T(p, n − 2 − p)) is increasing with respect to 1 p
⌊
n
2
⌋
− 1 for 0 k n. So the assertion
holds. 
3. Trees of diameter 4
In this section, we discuss how to order trees by Laplacian coefﬁcients in the class of all trees of
order nwith diameter 4. Denote by T(n, q, k, p1, . . . , pk) the tree of order n obtained from star graphs,
K1,q, K1,p1 , . . . , K1,pk by identifying the pendent vertices of K1,q and the centers of K1,p1 , . . . , K1,pk , re-
spectively, where q k 2, 1 + q + p1 + · · · + pk = n and pi  1 for i = 1, . . . , k (see Fig. 3). Clearly,
any tree of order n 5 with diameter 4 can be expressed in the form of T(n, q, k, p1, . . . , pk).
For a simple graph, let mi(G) be the number of matchings of G containing exactly i edges (shortly
i − matchings). The subdivision graph S(G) of G is obtained by inserting a new vertex of degree 2 for
each edge of G. Zhou and Gutman in [18] proved the following.
Lemma 3.1 [18]. Let T be a tree of order n. Then
ci(T) = mi(S(T)), for 0 i n.
Theorem 3.2. Let T(n, q, k, p1, . . . , pk) be a tree of order n with diameter 4. If pr  ps + 2, then
T(n, q, k, p1, . . . , pr , . . . , ps, . . . , pk)  T(n, q, k, p1, . . . , pr − 1, . . . , ps + 1, . . . , pk).
Proof. Without loss of generality, we assume that r=1, s=2. Clearly, T(n, q, k, p1 − 1, p2 + 1, . . . , pk)
is obtained from T(n, q, k, p1, p2, . . . , pk) by deleting the edge v1vq+p1 and adding the edge v2vq+p1 .
Moreover, their subdivision graphs are as follows (see Fig. 4).
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Fig. 3. T(n, q, k, p1, . . . , pk).
By Lemma 3.1, we only need to show that
mi(S(T(n, q, k, p1, p2, . . . , pk)))mi(S(T(n, q, k, p1 − 1, p2 + 1, . . . , pk)))
for 1 i n. Hence we only need to prove that for each i-matchings in S(T(n, q, k, p1, p2, . . . , pk)),
there exists an one-to-one corresponding i-matchings in S(T(n, q, k, p1 − 1, p2 + 1, . . . , pk)). For each
i-matchingsM in S(T(n, q, k, p1, p2, . . . , pk), we construct an i-matchingsM
′ in S(T(n, q, k, p1 − 1, p2 +
1, . . . , pk)) as follows:
Case 1: If v1uq+p1 /∈ M, then letM′ = M.
Case2: If v1uq+p1 ∈ M, v2u2 /∈ M and v2ut /∈ M for t = q + p1 + 1, . . . , q + p1 + p2, then letM′ =
M − v1uq+p1 + v2uq+p1 .
Case 3: If v1uq+p1 ∈ M and v2u2 ∈ M, then let M′ = M − v1uq+p1 + v2uq+p1 − v2u2 + v1u1 for
v0u1 /∈ M; andM′ = M − v1uq+p1 + v2uq+p1 − v2u2 + v1u1 − v0u1 + v0u2 for v0u1 ∈ M.
Case 4: If v1uq+p1 ∈ M and v2ul ∈ M for some l = q + p1 + h and 1 h p2, then let M′ = M −
v1uq+p1 + v2uq+p1 − v2ul + v1uq+h for vq+huq+h /∈ M; andM′ = M − v1uq+p1 + v2uq+p1 − v2ul +
v1uq+h − vq+huq+h + vlul for vq+huq+h ∈ M, since p1  p2 + 2.
One may check that the correspondence M → M′ is one-to-one. Therefore mi(S(T(n, q, k, p1,
p2, . . . , pk)))≤mi(S(T(n, q, k, p1 − 1, p2 + 1, . . . , pk))). 
Corollary 3.3. Let T(n, q, k, p1, . . . , pk) be a tree of order n 5 with diameter 4. Then
T(n, q, k,
k∑
i=1
pi − k + 1, 1, . . . , 1)  T(n, q, k, p1, . . . , pk).
Proof. Without loss of generality, we assume that p1  p2  · · · pk  1. If p2 = 1, then T(n, q, k,∑k
i=1 pi − k + 1, 1, . . . , 1) = T(n, q, k, p1, . . . , pk). If p2  2, by the repeating use of Theorem 3.2, we
have
T(n, q, k,
k∑
i=1
pi − k + 1, 1, . . . , 1)  T(n, q, k,
k∑
i=1
pi − k, 2, 1, . . . , 1)  · · ·
T(n, q, k,
k∑
i=1
pi − k + 2 − p2, p2, 1, . . . , 1)  · · ·  T(n, q, k, p1, p2, . . . , pk).
This completes the proof. 
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Fig. 4. S(T(n, q, k, p1, p2, . . . , pk)) and S(T(n, q, k, p1 − 1, p2 + 1, . . . , pk)).
Corollary 3.4. Let T(n, q, k, p1, . . . , pk) be a tree of order n 5 with diameter 4. Then
T(n, q + k − 2, 2,
k∑
i=1
pi − k + 1, 1)  T(n, q, k, p1, . . . , pk).
Proof. By Corollary 3.3, we have T(n, q, k, p1, . . . , pk)  T(n, q, k,∑ki=1 pi − k + 1, 1, . . . , 1). Repeat-
edly using Theorem 3.2 in [12], we have
T
⎛
⎝n, q, k, k∑
i=1
pi − k + 1, 1, 1, . . . , 1
⎞
⎠  T(n, q + k − 2, 2, k∑
i=1
pi − k + 1, 1).
The assertion follows. 
Theorem 3.5. Let T(n, q, k, p1, . . . , pk) be a tree of order n with diameter 4. If q − k pr + 1 for some
1 r  k. Then
T(n, q, k, p1, . . . , pr , . . . , pk)  T(n, q − 1, k, p1, . . . , pr + 1, . . . , pk).
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Fig. 5. S(T(n, q, k, p1, p2, . . . , pk)) and S(T(n, q − 1, k, p1 + 1, p2, . . . , pk)).
Proof. Without loss of generality, we assume that r = 1. Then T(n, q − 1, k, p1 + 1, . . . , pr , . . . , pk)
is obtained from T(n, q, k, p1, . . . , pr , . . . , pk) by deleting the edge v0vq and adding the edge v1vq.
Moreover, their subdivision graphs are as follows (see Fig. 5).
By Lemma 3.1, we only need to show thatmi(S(T(n, q, k, p1, p2, . . . , pk)))mi(S(T(n, q − 1, k, p1 +
1, p2, . . . , pk))) for 1 i n. Hence we only need to prove that for each i-matchings in S(T(n, q, k, p1,
p2, . . . , pk)), there exists an one-to-one corresponding i-matchings in S(T(n, q − 1, k, p1 + 1, p2, . . . ,
pk)). For each i-matchingsM in S(T(n, q, k, p1, p2, . . . , pk),we construct an i-matchingsM
′ in S(T(n, q −
1, k, p1 + 1, p2, . . . , pk)) as follows:
Case 1: If v0uq /∈ M, then letM′ = M.
Case 2: If v0uq ∈ M, v1u1 /∈ M and v1uq+t /∈ M for t = 1, . . . , p1, then letM′ = M − v0uq + v1uq.
Case 3: If v0uq ∈ M and v1u1 ∈ M, then letM′ = M − v0uq + v1uq − v1u1 + v0u1.
Case 4: If v0uq ∈ M and v1uq+h ∈ M for some1 h p1, then letM′ = M − v0uq + v1uq − v1uq+h
+ v0uk+h for vk+huk+h /∈ M; and M′ = M − v0uq + v1uq − v1uq+h + v0uk+h − vk+huk+h+ vq+huq+h for vk+huk+h ∈ M, since q − k − 1 p1.
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We see that the correspondenceM → M′ is one-to-one. Therefore
mi(S(T(n, q, k, p1, p2, . . . , pk)))mi(S(T(n, q − 1, k, p1 + 1, p2, . . . , pk))).
The conclusion follows. 
Corollary 3.6. Let T(n, q, 2, p1, 1) be a tree of order n 5 with diameter 4. If q p1 + 1 3, then
T(n, q, 2, p1, 1)  T(n, q + 1, 2, p1 − 1, 1),
i.e.,
T(n, q, 2, p1, 1)  T(n, q + 1, 2, p1 − 1, 1)  · · ·  T(n, n − 3, 2, 1, 1).
Proof. This follows from Theorem 3.5. Note that (q + 1) − 2(p1 − 1) + 1. 
Lemma 3.7. Let T(n, q, 2, p1, 1) be a tree of order n 5 with diameter 4. If 2 q p1, then
T(n, q, 2, p1, 1)  T(n, q − 1, 2, p1 + 1, 1)  · · ·  T(n, 2, 2, n − 4, 1).
Proof. Clearly, n = 2 + q + p1. We also see that the characteristic polynomial of L(T(n, q, 2, p1, 1))
is Φ(T(n, q, 2, p1, 1)) = det(λI − L(T(n, q, 2, p1, 1))) = (λ − 1)n−6[λ6 − (n + 4)λ5 + (−q2 + nq −
q + 4n + 5)λ4 − (−3q2 + 3nq − 3q + 5n + 4)λ3 + (−q2 + nq − 2q + 5n − 2)λ2 − nλ]. Hence
ck(T(n, q, 2, p1, 1))=
(
n − 6
k
)
+ (n + 4)
(
n − 6
k − 1
)
+ (−q2 + nq − q + 4n + 5)
×
(
n − 6
k − 2
)
+ (−3q2 + 3nq − 3q + 5n + 4)
(
n − 6
k − 3
)
+ (−q2 + nq − 2q + 5n − 2)
(
n − 6
k − 4
)
+ n
(
n − 6
k − 5
)
,
where
(
n
k
)
= 1 for k = 0 and= 0 for k < 0. If q = 2, the assertion holds. Hencewe assume that q 3.
Then
ck(T(n, q − 1, 2, p1 + 1, 1))=
(
n − 6
k
)
+ (n + 4)
(
n − 6
k − 1
)
+ (−q2 + nq + q + 3n + 5)
×
(
n − 6
k − 2
)
+ (−3q2 + 3nq + 3q + 2n + 4)
(
n − 6
k − 3
)
+ (−q2 + nq + 4n − 1)
(
n − 6
k − 4
)
+ n
(
n − 6
k − 5
)
,
where
(
n
k
)
= 1 for k = 0 and = 0 for k < 0. Hence
ck(T(n, q, 2, p1, 1)) − ck(T(n, q − 1, 2, p + 1, 1))
= (n − 2q)
(
n − 6
k − 2
)
+ 3(n − 2q)
(
n − 6
k − 3
)
+ (n − 2q − 1)
(
n − 6
k − 4
)
 0
for k = 0, 1, . . . , n. So,
T(n, q, 2, p1, 1)  T(n, q − 1, 2, p1 + 1, 1).
This completes the proof. 
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Lemma 3.8. If n 5, then
T(n, n − 3, 2, 1, 1)  T(n, 2, 2, n − 4, 1).
Proof. For n = 5, T(n, n − 3, 2, 1, 1) = T(n, 2, 2, n − 4, 1), and for n 6, we see that the characteris-
tic polynomial of L(T(n, 2, 2, n − 4, 1)) is Φ(T(n, 2, 2, n − 4, 1)) = det(λI − L(T(n, 2, 2, n − 4, 1)) =
(λ − 1)n−5[λ5 − (n + 3)λ4 + (5n − 4)λ3 − (6n − 10)λ2 + nλ]. Hence
ck(T(n, 2, 2, n − 4, 1))=
(
n − 5
k
)
+ (n + 3)
(
n − 5
k − 1
)
+ (5n − 4)
(
n − 5
k − 2
)
+ (6n − 10)
(
n − 5
k − 3
)
+ n
(
n − 5
k − 4
)
for 1 k n. Similarly, the characteristic polynomial of L(T(n, n − 3, 2, 1, 1)) is
Φ(T(n, n − 3, 2, 1, 1))=det(λI − L(T(n, n − 3, 2, 1, 1)))
=(λ − 1)n−6[λ6 − (n + 4)λ5
+ (6n − 1)λ4 − (11n − 14)λ3 + (6n − 5)λ2 − nλ].
Hence
ck(T(n, n − 3, 2, 1, 1))=
(
n − 6
k
)
+ (n + 4)
(
n − 6
k − 1
)
+ (6n − 1)
(
n − 6
k − 2
)
+ (11n − 14)
(
n − 6
k − 3
)
+ (6n − 5)
(
n − 6
k − 4
)
+ n
(
n − 6
k − 5
)
,
for 1 k n. Therefore
ck(T(n, 2, 2, n − 4, 1)) − ck(T(n, n − 3, 2, 1, 1)) = (n − 5)
(
n − 6
k − 4
)
 0
for k = 1, . . . , n. Then ck(T(n, 2, 2, n − 4, 1))≥ ck(T(n, n − 3, 2, 1, 1)) for k = 0, . . . , n. Hence T(n, n −
3, 2, 1, 1)  T(n, 2, 2, n − 4, 1). 
Now we are ready to present the main the result in this section.
Theorem 3.9. Let T(n, q, k, p1, . . . , pk) be a tree of order n 5 with diameter 4. Then
T(n, n − 3, 2, 1, 1)  T(n, q, k, p1, . . . , pk)
with equality if and only if T(n, q, k, p1, . . . , pk) = T(n, n − 3, 2, 1, 1).
Proof. By Corollary 3.4, we have
T(n, q, k, p1, . . . , pk)  T(n, q + k − 2, 2,
k∑
i=1
pi − k + 1, 1).
If q + k − 2
(∑k
i=1 pi − k + 1
)
+ 1, then by Corollary 3.6, we have T(n, q + k − 2, 2,∑ki=1 pi −
k + 1, 1)  T(n, n − 3, 2, 1, 1). If q + k − 2 < (∑ki=1 pi − k + 1) + 1, then by Lemma 3.7, we have
T(n, q + k − 2, 2,∑ki=1 pi − k + 1, 1)  T(n, 2, 2, n − 4, 1). In addition, by Lemma 3.8, T(n, n − 3,
2, 1, 1)  T(n, 2, 2, n − 4, 1). Hence
T(n, q, k, p1, . . . , pk)  T(n, n − 3, 2, 1, 1)
with equality if and only if T(n, q, k, p1, . . . , pk) = T(n, n − 3, 2, 1, 1). 
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4. Ordering trees with the Laplacian coefﬁcients
In order to order the smallest several trees by the Laplacian coefﬁcients, we also need the following
lemmas.
Lemma 4.1. If n 8, then
T(2, n − 4)  T(n, n − 3, 2, 1, 1)  T(3, n − 5).
Proof. From the proof of Theorem 2.3 and Lemma 3.8, it is easy to see that
ck(T(2, n − 4))=
(
n − 6
k
)
+ (n + 4)
(
n − 6
k − 1
)
+ (6n − 2)
(
n − 6
k − 2
)
+ (10n − 12)
(
n − 6
k − 3
)
+ (6n − 7)
(
n − 6
k − 4
)
+ n
(
n − 6
k − 5
)
,
ck(T(n, n − 3, 2, 1, 1))=
(
n − 6
k
)
+ (n + 4)
(
n − 6
k − 1
)
+ (6n − 1)
(
n − 6
k − 2
)
+ (11n − 14)
(
n − 6
k − 3
)
+ (6n − 5)
(
n − 6
k − 4
)
+ n
(
n − 6
k − 5
)
,
for 1 k n. Hence
ck(T(2, n − 4)) − ck(T(n, n − 3, 2, 1, 1))=−
[(
n − 6
k − 2
)
+ (n − 2)
(
n − 6
k − 3
)
+ 2
(
n − 6
k − 4
)]
 0,
for 6 k n.We see that ck(T(2, n − 4)) − ck(T(n, n − 3, 2, 1, 1)) 0 for k 5. Similarly, we can show
that T(n, n − 3, 2, 1, 1)  T(3, n − 5). 
Corollary 4.2. If n 8, then
K1,n−1  T(1, n − 3)  T(2, n − 4)  T(n, n − 3, 2, 1, 1)  T(3, n − 5).
Proof. This follows from Theorem 2.3 and Lemma 4.1. 
Theorem 4.3. Let T be any tree of order n 8 except K1,n−1, T(1, n − 3) and T(2, n − 4). Then
T(n, n − 3, 2, 1, 1)  T
with equality if and only if T is T(n, n − 3, 2, 1, 1).
Proof. If the diameter d of T is more than 4, then by Theorem 2.3 in [12], there exists a tree T ′ of order
nwith diameter 4 such that T ′  T . The assertion follows from Theorem 3.9 and Corollary 4.2. 
Remark. By calculation, we see that T(3, n − 5) and T(n, 2, 2, n − 4, 1) are not comparable. Further,
we can prove similarly that T(3, n − 5)  T or T(n, 2, 2, n − 4, 1)  T for any tree of order n 8 except
K1,n−1, T(1, n − 3), T(2, n − 4) and T(n, n − 3, 2, 1, 1).
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